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Abstract 

In this letter, we point out that the widely used quantitative conditions in the adiabatic theorem 
are insufficient in that they do not guarantee the validity of the adiabatic approximation. We also 
reexamine the inconsistency issue raised by Marzlin and Sanders (Phys. Rev. Lett. 93, 160408, 
2004) and elucidate the underlying cause. 
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The adiabatic theorem is one of the basic results in quantum theory. It 

has been widely applied in both theories and experiments 0, 0, Q, 0, Q and has grown in 
importance in the recent years due to a number of extensions and applications [ 
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0H0, 



17l |. The validity of the application of the theorem had never been doubted 



until Marzlin and Sanders recently claimed that the application of adiabatic theorem may 
lead to an inconsistency^^]. Essentially they demonstrated that the application of the 
adiabatic theorem implied a non-unit norm in the states. There have been some attempts at 
addressing this problem. For instance some authors jl^ proposed revolving the inconsistency 
by dropping some nondiagonal terms in the transition amplitudes; but in doing so, ended 
up with another inconsistency. Yet, others 0, 0, 0] have suggested that the inconsistency 
does not arise from the adiabatic theorem itself, but is a result of incorrect manipulations 
in mathematics. However, we now find that the inconsistency may exist in the use of 
the adiabatic approximation. It is actually a reflection of a more crucial issue that the 
quantitative adiabatic conditions are insufficient. In this letter, we show that the widely 
used quantitative statements of the adiabatic conditions in the adiabatic theorem, which 
are often deemed as sufficient, are really insufficient. They cannot sufficiently guarantee the 
validity of the adiabatic approximation. 

Before proceeding further, it is instructive to recapitulate the statement of the adiabatic 
theorem. The theorem states that if a quantum system with a time-dependent nondegenerate 
Hamiltonian H(t) is initially in n-th eigenstate of H(0), and if H(t) evolves slowly enough, 
then the state of the system at time t will remain in the n-th instantaneous eigenstate of 
H{t) up to a multiplicative phase factor. In the literature, the term u H{t) evolves slowly 
enough", is usually encoded in the quantitative requirement thatf" 

(E m (t)\H(t)\E n (t)} 



or equivalently 



E m (t)-E n (t)\ 
(E m (t)\E n (t)) 



< 1, m ± n, t G [0,T], 



< 1, m^n, t E [0,T], 



(1) 



(2) 



E m {t) — E n {t) 

where E m (t) and \E m (t)) are the entirely discrete and nondegenerate instantaneous eigen- 
values and eigenstates of H(t), and T is the total evolution time. 

We will show that the quantitative adiabatic conditions expressed by Eq. (j2J) is not 
sufficient in guaranteeing the validity of the adiabatic approximation. To this end, we 



consider two related iV-dimensional quantum systems S a and S b , which are defined by the 
Hamiltonians H a (i) and H b (t) respectively. The two systems are related through 



H\t) = -U a \t)H a (t)U a {t), 



(3) 



which means that the evolution operator for S b is the Hermitian conjugate of the evolution 
operator for S a . 

We first consider the system S a . The instantaneous eigenvalues and normalized eigen- 
states of H a are denoted as E^t) and |£^(i)) respectively, which satisfy 



H a (t)\E a m (t)) = E a m (t)\E a m (t)), m = 1, . . . , N. 



(4) 



We assume that E^(t) are entirely discrete and nondegenerate and they fulfill the adiabatic 
conditions 



(E a m (t)\E-(t)) 



< 1, m^n, te [0,T]. 



(5) 



E« m (t) - E-(t) 

Now, the state of the system, denoted by \ip a (t)), is the solution of the Schrodinger equation 



ij t mt)) = H\tw(t)), 



(6) 



with the initial state \ip a (0)). If the initial state is in the n-th eigenstate |-E^(0)), then the 
state at time t, \ip a (t)), can be expressed exactly as 



(7) 



where the unitary operator U a (t) = Texp (—i / * H a (t')dt'^j. In the application of the adia- 
batic theorem, we have 



mt)) « \r ad M), 



(8) 



where the state \4>adi(t)) i s given as 



\rax(t)) = e**W\K(t)) 



(9) 



with the phase cx^(t) taking the form 



<(t) = ~ f E a n (t>)dt> + i [(EZ(t')\E a n (t'))dt'. 
Jo Jo 



(10) 
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Noticing that KV&fiCWW)! = | <^n(*) I ^°(*) 1^(0)) | , one concludes that the approxima- 
tion (jSJ) is acceptable if and only if 

\{E a n (t)\U a (t)\E a n (0))\ n 1. (11) 

Next we consider the second quantum system S b , defined by the Hamiltonian H b (t). We 
enumerate its instantaneous eigenvalues E^it) and normalized eigenstates \E^(t)) through 

H\t)\E b m {t)) = E b m (t)\E b m (t)}, m=l,...,N, (12) 

For system S b , the state \tp b (t)) is governed by the Schrodinger equation 

i^mt))=H b m\t)), (is) 

with the initial state \ip b (0)). If the system is initially in the n-th eigenstate |^(0)), \4> b (t)) 
can be expressed exactly as 

\At)) = U b (t)\E b n (0)), (14) 

where U b (t) = Texp (-z /„' H b (t')dt') . 

Under relation 0, it is easy to see that there is a one-to-one corresponding between the 
eigenvalues and eigenstates of the two systems: 

E b n (t) =-E a n (t), (15) 

K(t)) =u a \m:(t)). (i6) 

From this correspondence, we note that 



(E b m (t)\E b n (t)) 



(El{t)\U\t)U a \t)\K{t)) + (E a m (t)\U a (t)U a Ht)\K(t)} 
z(^(t)|^(t)|^(t)) + (^(t)|^(t)) 
iE a m (t)5 mn + (E a m (t) \E a n (t)), 



(17) 



which implies 



(E b m (t)\E b n (t)) 



El{t)-E b n {t) 



(E%(t)\£%(t)) 



E*(t)-E*(t) 



< 1, m^n, te [0,T]. 



(18) 
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Eq. (fTHj) shows that the system S b satisfies the adiabatic conditions if and only if S a satisfies 
them. We may now apply the adiabatic theorem to \ip b (t)), so that 

IV> 5 (*)> « Mx®), (19) 

where the state IVwiW) * s gi ven as 

\^(t))=e^\E b n (t)), (20) 

with a^(t) taking the form 

<{t) = ~ fEl{t')dt> + i f (El{t')\E b n {t>))dt> 
Jo Jo 

= * f\K(t')\E a n (t')}dt>. (21) 
Jo 

We now calculate the fidelity |(V , ad»(0lV' 6 (0)l- F rom Eqs. © and (fTEJ). we obtain the 
relations U b (t) = U a ^{t) and \E b (0)) = |£^(0)), and in using these relations we get 

= \(E a n (t)\E a n (0))\ . (22) 

Eq. ({22} shows that the approximation (fTUj) is acceptable if and only if 

\(E a n (t)\E a n (0))\^l. (23) 

Comparing Eqs. ([TTjl and (j23|) . one finds that the two expressions are quite different in 
general. They may not hold at the same time except for some special cases, which means 
that the two approximate equations (JBJ) and may not be always valid. Thus, for a given 
quantum system S a , one can always construct another quantum system S b , with both of 
them fulfilling the same adiabatic conditions. The fact that E l n (t) and \E l n {t)) (i = a,b) 
do satisfy the conditions (fTHjl but \ip a (t)) or \ip b {t)) may not approximate to |VadiW) or 
\ip b a diif)) indicates that the adiabatic conditions (J2J) do not sufficiently guarantee the validity 
of the adiabatic approximation. Our analysis clearly suggests that the adiabatic conditions 
described by Eq. (J2J) is insufficient. 

Further to substantiate the result obtained above, we now furnish an example to illustrate 
the fact that the approximation \ip b {t)) w iVadi(^O) i s invalid while \ip a {t)) w iVCfttX)) i s v& hd. 
To this end, consider the well-known model, a spin-half particle in a rotating magnetic field. 
We denote the system as S a . The Hamiltonian of the system is 

H a (t) = —^(a x sin8 cosut + <jysm8 smut + a z cos6) (24) 
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where ujq is a time-independent parameter defined by the magnetic moment of the spin and 
the intensity of external magnetic field, to is the rotating frequency of the magnetic field and 
<jj, i = x,y,z, are Pauli matrices. The instantaneous eigenvalues and eigenstates of H a (t) 
are 

e -iwt/2 sin { 



_ e iu>t/2 cog . 



(25) 



jt/2 



(26) 



sin 



From H a (t), we may construct another quantum system defined by the Hamiltonian 
# 6 (t) = -U a ^(t)H a (t)U a {t). The eigenvalues and eigenstates of H b (t) are 



E?(f) 



' 2 ' 



|^(t)) = C/ at (t)i^(t)); 



(27) 



E b 2 (t) = Y> \ E 2(t))=u a Ht)\E a 2 (t))- 



(28) 



It is easy to show that the adiabatic conditions (|18|) are satisfied as long as u ^> uo sin 0. 

Suppose that the system S b is initially in the state \E b (0)). we now calculate \ip b (t)) 
defined by Eq. (JT3j) and \ip b adi {t)) defined by Eq. (fT9"j) . To this end, we first need to evaluate 
the unitary operator U a (t), and we obtain 



U a (t) 



/ (cos^ + / 



; ui+ljq cos g j n <iii\ e -i^ 
uj 2 ' 



\ 



oj 2 



ui 2 

(cos f - ^+^ cose sin f )e i! r 



(29) 



where u = ^Jluq + u 2 + 2lu lucos8. With U a (t) found, we obtain the exact state \ip b (t)) of 
the state and the approximate state \ip b a( aif)) as implied by the adiabatic theorem: 



|^ (t)) = V 2_ u, 2j> 2 u, 2 _ 2 (30) 

-(cos ^ + j sin cos |e _i T - i**^ sin ^ sin | e < T 

Z Z ' Z u z z 



V 



(cos — i ^+^0 cos t 

^2 o7 



sin 



v cos 



UJ-\-LJQ COS f 



_|_ j M-t-cuo ; 



sm 



2 / 



sin | + z^HLi 

z 



cos 



sin y cos | 
- sin y sin | 



(31) 
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We see that \ip b (t)) is quite different from \ip b di (t)). The fidelity between them is 



<V&«(f)IV> 6 (t)> 



sin 9 sin' 



lot 



(32) 



which shows that \4> b (t)) cannot approximate to lib^Ai)) although u ^> usin9 is fulfilled. 
However, for this model the approximation (jHJ) is valid[l2(. This example illustrates the fact 
that fulfillment of the adiabatic conditions (J2J) does not sufficiently guarantee the validity of 
the adiabatic approximation. Another solvable example can be found in 

It is worth noting that there are alternative expressions for the adiabatic conditions in 
the literature. One may wonder whether other quantitative expressions of the conditions 
are sufficient. Here, we will examine two commonly used ones. 

One version [3] expresses the adiabatic conditions as 

(E (t)\H(t)\E )(t) <<minlEn{t) _ Em{t)U TO _^ n) £e[Q)T]) (33) 

where max|/(i)| (min|/(£)|) means the maximum (minimum) value of |/(t)|, t G [0,T]. In 
the use of Eqs. (ITHjl and (fTTjl . one may immediately infer that Eq. (j33J) is satisfied by S b 
if and only if it is satisfied by S a . This in turn will lead to the same result as expressed in 
Eqs. (jllj) and ()23|) . which means that the present conditions are insufficient too. 
Another commonly used version of the adiabatic theorem states if 



max 



max 



{E m (t)\H(t)\E n (t)) 



min \E m (t) - E n (t)\' 



<£, m^n, t G [0,T], 



then 



(r d \T)\^(T)) 



>1-E 2 



(34) 



(35) 



Similarly, we note that the conditions (J34|) cannot guarantee the validity of Eq. (|35|). In 
fact, using Eqs. (|T5|) and (fTTj) . one finds that Eq. (pMjl is satisfied by S b if and only if it is 
satisfied by 5* a . We then again arrive at Eqs. (|TT|) and (|2*3^1 . To further elaborate on this, 
we can use the previous example to illustrate the point. For the Hamiltonian H b (t) in that 
example, the left side of Eq. ()34j) is equal to u>sin9/uJo, which may be very small, but the 
left side of Eq. (J33J) is [1 -sin 2 (#/2) sin 2 (uT/2)], which may not approximate to 1 in general. 

It is instructive to reexamine the inconsistency raised by Marzlin and Sanders in light 
of our work. In the following, we give an alternative proof to the inconsistency, which can 
avoid the criticism levelled against their proof. Indeed, by using Eqs. (fTT?|) and (|2U|). we may 
immediately get 



(E a n (0)\U(t)U^\E a n (0)) 



e -/o<^5(*')I^C)>*'< J E7*(o)t/(t)i7t( t )| jE «( t )) 



1 



(36) 



This is the inconsistency raised in |18| . It may be worth noting that, we have only used 
the adiabatic approximation (fTTH) once and all other calculations are exact. So, we can say 
that the inconsistency claimed by Marzlin and Sanders does exist in the use of the adia- 
batic approximation. The essential reason for the inconsistency is the insufficient adiabatic 
conditions, which cannot guarantee the validity of the adiabatic approximation. 

Before concluding, to give a simple physical picture may be helpful for comprehending 
the result that the adiabatic conditions are satisfied but the adiabatic approximation may be 
invalid. To this end, we consider a Hamiltonian that can be written as a sum of two parts, the 
base part and the perturbing part. In the case where the perturbing part is a periodic rapid 
varying perturbation in resonance with the base Hamiltonian, the effect of the perturbing 
part to the system may accumulate to an appropriate scale after a long time, no matter how 
small the perturbation is, and the transition may be driven between two eigenstates. In this 
case, the adiabatic approximation is clearly invalid, but the conditions (J2J) may be satisfied 
as long as the perturbation is small enough. So, for such a system, at least , the adiabatic 
conditions may fail to guarantee the validity of the adiabatic approximation. 

In conclusion, we have shown that the widely used quantitative statements of the adia- 
batic conditions, such as (j2j), (}33|) and are insufficient in guaranteeing the validity of the 
adiabatic approximation. This implies that fulfilling only the quantitative statements can- 
not meet the adiabatic criterion that is required by the adiabatic theorem. Besides, we have 
reinterpreted the inconsistency raised by Marzlin and Sanders and found that the essential 
reason of leading to the inconsistency is the use of the insufficient adiabatic conditions. In 
passing, we will like to add that the work presented here reopens the all-important question 
as to the right quantitative sufficiency conditions that will mirror an adiabatic evolution. 
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